Rules for integrands of the form (d Sec[e + fx])" (a+bSec[e + fx])"

1 J-(a+bSec[e+-Fx])(dSec[e+-Fx])"d]x

Derivation: Algebraic expansion
Basis:a + b z == a+§ (dz)
Rule:

JXa+b&ch+fﬂ)(d&ch+fx”"dx—»aJXd%ch+fx”"dx+3JXd&ch+fx”"”dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])*(d_.xcsc[e_.+f_.+x_])~n_.,x_Symbol] :=
axInt[ (d«Csc[e+fxx])~n,x] + b/dxInt[(dxCsc[e+fxx])~(n+1),x] /;
FreeQ[{a,b,d,e,f,n},x]

2:JXa+bSu[e+fﬂ)2wSeQe+fx”"dx

Derivation: Algebraic expansion
Basis: (a+bz)?2==2abz+a%+b?z?
Rule:

J(a+b$ec[e+fx])2 (dsec[e+fx])"dx — zz—bJ(dSec[e+fx])"+ldx+j(dSec[e+fx])" (a? + b? sec[e + £x]?) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"2x(d_.*csc[e_.+f_.xx_])~n_.,x_Symbol] :=
2xaxb/d*Int [ (d*Csc [e+'F*x] )" (n+1) ,x] + Int [ (d*Csc [e+'F*x] ) nx (a"2+b"2*Csc [e+'F*x] "2) ,x] /3
FreeQ[{a,b,d,e,f,n},x]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx

. J Sec[e+-Fx]2

a+bSec[e+fx]

Derivation: Algebraic expansion

tee _ Z 1 a
Basis: atbz b b (a+b z)

Rule:

Sec[e+1=x]2 1 a Sec[e + f x|
f—dlx — ;J-Sec[encx] dx - —j—dlx

a+bSec[e+-Fx] b a+bSec[e+-Fx]

Program code:

Int[csc[e_.+f_.#x_]"2/(a_+b_.xcsc[e_.+f_.xx_]),x_Symbol] :=
1/b*Int[Csc[e+fxx],x] - a/b*Int[Csc[e+f*x]/(a+b*Csc[e+f*x]),x] /3
FreeQ[{a,b,e,f},x]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

Sec[e+-Fx]
4: J dx
a+bSec[e+fx]

Derivation: Algebraic expansion

tee _ Z 1 a
Basis: atbz b b (a+b z)

Rule:

dx

J- Sec[e+1=x]3 Tan[e+fx]| a Sec[e+1‘x]2
_Secleefx]” 2

a+bSec[e+-Fx] bf b a+bSec[e+-Fx]

Program code:

Int[csc[e_.+f_.#x_]"3/(a_+b_.xcsc[e_.+f_.xx_]),x_Symbol] :=
-Cot[e+fxx]/(bxf) - a/bxInt[Csc[e+fxx]*2/(a+bxCsc[e+fxx]),x] /;
FreeQ[{a,b,e,f},x]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

5. j(a+b5ec[e+fx])'" (dSec[e+-Fx])"d1x when a2 -b%:=:0

1: J(a+b$ec[e+fx])"' (dSec[e+fx])"d1x when a2-b2==0 A mez*

Derivation: Algebraic expansion

Rule:If a2 -b%? =20 A me z*,then

J(a+b5ec[e+fx])m (dsec[e+fx])"dx — JExpandTrig[(a+bSec[e+-Fx])"' (dsec[e+fx])", x] dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_«(d_.xcsc[e_.+f_.xx_])~n_.,x_Symbol] :=
Int[ExpandTrig[ (a+bxcsc[e+fxx]) mx (dxcsc[e+fxx])~n,x],x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && IGtQ[m,0] && RationalQ[n]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2. JSec[e+fx] (a+bSec[e+-Fx])"'d1x when a2 -b%:=:0

1. Sec[e+-Fx] (a+bSec[e+-Fx])'"d1x when a2-b2==0 A m>0

1: Sec[e+fx] \/a+bSec[e+-Fx] dx when a2 -b?==0

Derivation: Singly degenerate secant recurrence 1b withA - c, B—>d, m - %, n--1, p—>0

Rule: If a2 - b? == 9, then

2bTan[e+fx]

JSec[e+fx] \/a+bSec[e+fx] dx —

-F\/a+bSec[e+-Fx]

Program code:

Int[csc[e_.+f_.»x_]+Sqrt[a_+b_.xcsc[e_.+f_.»x_]],x_Symbol] :=
-2«bxCot [e+fxx]/ (fxSqrt[a+bsCsc[e+fsx]]) /;
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: Sec[e+-Fx] (a+bSec[e+fx])"'dlx when a2 -b2:==0 A m>§

Derivation: Singly degenerate secant recurrence 1b withn - 0, p > 0@

Rule:If a2 -b%?==0 A m> %,then

fSec[e+fx] (a+bsec[e+fx])"dx —

bT f bs £x])™* -
an[e+ X] (a; ec[e+ X]) + a@m-1) JSec[e+fx] (a+bSec[e+fx])'"'1d1x
m m

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=
-bxCot[e+fxx] » (a+bxCsc[e+fax])(m-1) /(f+m) + ax (2xm-1) /msInt[Csc[e+Ffxx]x (a+bsCsc[e+Ffxx])"(m-1),x] /;
FreeQ[{a,b,e,f},x] && EqQ[a~2-b"2,0] & GtQ[m,1/2] && IntegerQ[2xm]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2. Sec[e+-Fx] (a+bSec[e+fx])'"d1x when a2-b2==0 A m<©

dx when a2 -b%2==0

. J~ Sec[e + f x|

a+bsec[e+fx]

Derivation: Singly degenerate secant recurrence 2awithA-1, B-0, m-> -1, n->0, p—> 0

Rule: If a2 - b? == 9, then

Sec[e+fx] Tan[e+-Fx]
[,
a+bSec[e+-Fx] f(b+aSec[e+fx])

Program code:

Int[csc[e_.+f_.#x_]/(a_+b_.*csc[e_.+f_.xx_]),x_Symbol] :=
-Cot [e+f*x]/(f* (b+a*Csc [e+'F*x] ) ) /3
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

Sec[e + f x|
2: dx when a2 -b2==0

\/a+bSec[e+fx]

Author: Martin on sci.math.symbolic on 10 March 2011

Derivation: Integration by substitution

Basis: If a2 - b2 - 0, then Sec[e+f x] 2 Subst{ 1 =, X, b Tan[e+f x] } O b Tan[e+f x]
v/ a+b Sec[e+f x] f 2a+ ~Ja+b Sec[e+f x] v a+b Sec[e+f X]

Rule: If a? - b? == 9, then

Sec[e+-Fx]

2 1 bTan[e + fx]
dx — —Subst[f dx, X,

2a+x* \/a+bSec[e+fx]

\/a+b5ec[e+fx]
Program code:

Int[csc[e_.+f_.+x_]/Sqrt[a_+b_.xcsc[e_.+f_.+x_]],x_Symbol] :=
-2/fxSubst[Int[1/ (2xa+x"2),X],X,bxCot[e+fxx]/Sqrt[a+bsCsc[e+fxx]]] /;
FreeQ[{a,b,e,f},x] & EqQ[a"2-b"2,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3: Sec[e+-Fx] (a+bSec[e+fx])"'dlx when a2 -b2:==0 A m<—%

Derivation: Singly degenerate secant recurrence 2b withn - 0, p > @
Rule: If a> - b% == @ A m< -2, then

fSec[e+fx] (a+bsec[e+fx])"dx —

bTan[e + f x| (a+b$ec[e+1’x])“1 m+1
- +

JSec[e+fx] (a+bSec[e+-Fx])"'+1d1x
af (2m+1) a(2m+1)

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.+x_])~m_,x_Symbol] :=
bxCot [e+‘F*x] * (a+b*Csc [e+f*x] ) "m/(a*f* (2xm+1) ) + (m+1) / (ax (2xm+1) ) »Int [Csc [e+‘F*x] * (a+b*Csc [e+f*x] )" (m+1) ,x] /3
FreeQ[{a,b,e,f},x] & EqQ[a~2-b"2,0] && LtQ[m,-1/2] && IntegerQ[2xm]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3. JSec[e+fx]2 (a+bSec[e+-Fx])"'dlx when a2 - b2 == 0

1: Sec[e+-Fx]2 (a+bSec[e+-Fx])'"dlx when a2 -b2==0 A m<—§

Derivation: Singly degenerate secant recurrence 2a withA - c, B-d, n—> 90, p >0

Rule:If a2 -b%2 =20 A m< —%,then

Tan[e+fx] (a+bSec[e+fx])" m
+

JSec[erFx]z (a+bSec[e+fx])'"d1x — jSec[e+fx] (a+bSec[e+-Fx])'"+1dlx

f(2m+1) b (2m+1)

Program code:

Int[csc[e_.+f_.xx_]"2#(a_+b_.*xcsc[e_.+f_.*x_])"m_,x_Symbol] :=
-Cot[e+fxx] » (a+bxCsc[e+fax]) m/ (Fx (2xm+1)) +
m/ (bx (2#m+1) ) +Int [Csc[e+fxx] » (a+bxCsc[e+fxx])~ (m+1),x] /;
FreeQ[{a,b,e,f},x] & EqQ[a"2-b"2,0] && LtQ[m,-1/2]

10



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: Sec[e+-Fx]2 (a+bSec[e+-Fx])'"dlx when a2 -b%:=20 A m{—i

Derivation: Singly degenerate secant recurrence 2c withA - c, B~>d, n—-0, p-> 0

Rule:If a® - b? =@ A m« -2, then

Tan[e+fx] (a+bSec[e+-Fx])"' am
+

JSec[e+-Fx]2 (a+bsec[e+fx])"dx — JSec[erFx] (a+bsec[e+fx])"dx

f(m+1) b (m+1)

Program code:

Int[csc[e_.+f_.xx_]"2#(a_+b_.xcsc[e_.+f_.*x_])"m_,x_Symbol] :=
-Cot [e+-F*x] * (a+b*CSC [e+f*x] )"m/(f* (m+1) ) +
axm/ (bx (m+1) ) «Int [Csc[e+fxx]+ (a+bxCsc[e+fxx]) m,x] /;
FreeQ[{a,b,e,f,m},x]| && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]]

11



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 12

4, JSec[e+fX]3 (a+bSec[e+-Fx])"'dlx when a2 - b2 == 0

1: Sec[e+-Fx]3 (a+bSec[e+-Fx])'"dlx when a2 -b2==0 A m<—§

Derivation: 7?7
Rule:If a2 -b%2 =20 A m< —%,then

jSec[e+fx]3 (a+bSec[e+-Fx])'"d1x —

bTan[e+fx] (a+bSec[e+-Fx])'"

cfamD  an JSec[e+fx] (a+bSec[e+1‘=x])"I+1 (am-b (2m+1) Sec[e+fx]) dx

Program code:

Int[csc[e_.+f_.xx_]"3%(a_+b_.xcsc[e_.+f_.*x_])"m_,x_Symbol] :=

bxCot [e+'F*x] * (a+b*Csc [e+f*x] ) "m/(a*f* (2%m+1) ) -

1/ (a”2x (2xm+1) ) »Int[Csc[e+Fxx] » (a+bxCsc[e+fxx]) " (m+1) x (axm-bx (2+m+1) xCsc[e+f*x]),x] /;
FreeQ[{a,b,e,f},x] & EqQ[a"2-b"2,0] && LtQ[m,-1/2]

2: Sec[e+-Fx]3 (a+bSec[e+-Fx])'"d1x when a2 -b2==0 A m{—i

Derivation: Nondegenerate secant recurrence 1b withA - a2, B~2ab, C->b%, m-0, p—> 0

Rule:If a® - b? == @ A m« -2, then



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

J\Sec[e+-Fx]3 (a+bSec[e+-Fx])'"dlx —

T f bs £x])™*
anfe+fx] (a+bsecfe+fx]) + ! JSec[e+fx] (a+bsec[e+fx])" (b (m+1) -aSec[e+fx]) dx
bf (m+2) b (m+2)

Program code:

Int[csc[e_.+f_.*x_]"3%(a_+b_.*csc[e_.+f_.*x_])~m_,x_Symbol] :=

-Cot [e+f*x] * (a+b*CSC [e+-F*x] )" (m+1)/(b*-F* (m+2) ) +

1/ (bx (m+2) ) »Int [Csc[e+Ffxx] » (a+bxCsc[e+fxx] ) m« (bx (m+1) -axCsc[e+fxx]),x] /;
FreeQ[{a,b,e,f,m},x]| && EqQ[a"2-b"2,0] && Not[LtQ[m,-1/2]]

13



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

5. J\/a+bSec[e+fx] (dSec[e+-Fx])"dlx when a2 -b%:=-0

1. J\/a+b$ec[e+fx] (dSec[e+fx])"d1x when a2-b%2==0 A n>0

1. J-\/a+b5ec[e+fx] \/dSec[e+fx] dx when a2 -b2:=-0

1: j\/a+b5ec[e+fx] \/dSec[e+fx] dx when a2-b2=0 A ?>0

Derivation: Integration by substitution

14

] ) bTan[e+f x]

El
b bf b L7 A/ a+bSec[e+f x]

+—

]
Basis: If a2 - b2 =9 A 24 5 0,then va+bsecre+fx] Vdsecle+fx] == 22 ’ﬂ Subst[\/1 , x, —2fanlefx]

a

Rule: If a2 - b2 ==9 A % > 0, then

J\'\/a+b5ec[e+fx] \/dSec[e+-Fx] dx — i—:ﬂl% Subst

bTan[e+-Fx]

dx , X,

— |
1*% \/a+bSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*Sqrt[d_.+csc[e_.+f_.xx_]],x_Symbol] :=
-2+a/ (bxf) xSqrt[axd/b] «Subst [Int [1/Sqrt[1+x"2/a],X],X,bxCot [e+fxx]/Sqrt[a+bsCsc[e+fx]]] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] && GtQ[a*d/b,0]

x
v a+bSec[e+f x]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 15

2: j\/a+b5ec[e+fx] '\/dSec[e+-Fx] dx when a2-b%==0 A %}0

Derivation: Integration by substitution

Basis: If a2 - b? == 0,then va+bsecre+fx] Vdsec[e+Ffx] == MSubst[ -, x, b Tan_cxf x| By hTanlexfx.
f b-dx Va+bSec[e+fx] VdSec[e+fx] \a+bSec[e+fx] VdSec[e+fx]

Rule:If a2 - b2 =0 A % + 0, then

2
J\/a+b5ec[e+fx] \/dSec[e+fx] dx —

bd 1 bTan[e+fx]
p Subst [J dx , X,

b-dx? \/a+bSec[e+-Fx] \/dSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.+x_]]*Sqrt[d_.xcsc[e_.+f_.xx_]],x_Symbol] :=
-2+bxd/fxSubst [Int[1/ (b-d*x"2) ,X],X,bxCot [e+fxx]/(Sqrt[a+bsCsc[e+fxx]]+Sqrt[d«Csc[e+f+x]])] /;
FreeQ[{a,b,d,e,f},x]| & EqQ[a~2-b"2,0] && Not[GtQ[a*d/b,0]]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: J.'\/a+b5ec[e+fx] (dSec[e+fx])"dlx when a2-b2=0 A n>1

Derivation: Singly degenerate secant recurrence 1bwithA > ¢, B>d, m- -,

simplification

~ Rule:if a2-b2 =0 A n > 1,then

J a+bsec[e+fx] (dSec[e+fx])"d1x—>

2bdTan[e + fx] (dsec[e+fx])" L2d-1 J\/a+b5ec[e+fx] (dsec[e+fx])"
b(2n-1)

1ax

-F(2n—1)\/a+bSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#«x_]]»(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
-2xbxdxCot [e+'F*X] * (d*Csc [e+-F*x] ) 2 (n—1)/(f* (2xn-1) *Sqrt [a+b*CSC [e+'F*X] ] )
2xaxdx (n-1) / (bx (2xn-1) ) xInt [Sqr't [a+b*Csc [e+'F*x] ] * (d*Csc [e+'F*x] ) A (n-1) ,x] /3

FreeQ[{a,b,d,e,f},x]| && EqQ[a"2-b"2,0] && GtQ[n,1] && IntegerQ[2xn]

2. J\/a+b5ec[e+fx] (dSec[e+-Fx])"dlx when a2-b2=0 A n<©

J‘\/a+b5ec[e+fx] dx when a2 - b2 == @

dSec[e+-Fx]
Derivation: Singly degenerate secant recurrence lawithA -1, B> 0, m > %, n— - %, p—0
, > — %, p—0

N [

Derivation: Singly degenerate secant recurrence 1cwithA - a, B—>b, m—> -

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? + 0,then

1 n->n-1, p- 0andalgebraic



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 17

'\/a+bSec[e+fx] 2aTan[e+fx]
dx —

‘\/dSec[e+fx] f\/a+b5ec[e+fx] \/dSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[d_.+csc[e_.+f_.xx_]],x_Symbol] :=
-2xaxCot[e+fxx]/(f+Sqrt[a+bxCsc[e+fxx]]+Sqrt[d+Csc[e+fxx]]) /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a~2-b"2,0]

2: J'\/a+b5ec[e+fx] (dSec[e+-Fx])"d1x when a2 -b2=0 A n<—%

Derivation: Singly degenerate secant recurrence lcwithA - a, B->b, m - - %, p — @ and algebraic simplification

Rule:If a2 -b%2 =20 A n< —%,then

Jda+b5ec[e+fx] (dsec[e+fx])"dx —

aTan[e+fx] (dSec[e+fx])" a(2n+1)
) " 2bdn

J\/a+b$ec[e+fx] (dSec[e+fx])"+1d1x

fn\/a+b5ec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
axCot [e+'F*x] * (d*Csc [e+f*x] ) "n/(f*n*Sqrt [a+b*Csc [e+'F*x] ] ) +
a*(2*n+1)/(Z*b*d*n)*Int[Sqrt[a+b*Csc[e+f*x]]*(d*Csc[e+f*x])A(n+1),x] /5

FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] && LtQ[n,-1/2] && IntegerQ[2xn]

3: J\/a+b5ec[e+fx] (dSec[e+-Fx])"d1x when a2 -b%:=:0

Derivation: Piecewise constant extraction and integration by substitution



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

Basis: If a2 — b2 == @, then Ox Tan[e+f x]
Va+bSec[e+fx] ~/a-bSec[e+fx]

; 2
BaS|S: |f a2 — b2 == 6, then — a‘Tan[e+f x] Tan[e+f x]
\Ja+bSec[e+f x] /a-bSec[e+fx] +/arbSec[e+fx] +/a-bSec[e+fx]

Basis: Tan[e + £ x] F[Sec[e+fx]] = T Subst| FXL, x, Sec[e +fx] | oxSec[e + fx]

Rule: If a? - b? == 9, then

dx

J\'\/a+b5ec[e+fx] (dSec[e+-Fx])"d1x o azTan[e+-Fx] JTan[e+fx] (dSec[e+-Fx])n

\/a+bSec[e+fx] \/a—bSec[e+fx] \/a—bSec[e+fx]

2dT f n-1
° anfe+ £x] Ldlx, X, Sec[e+-Fx]]

- - Subst J ¢
f\/a+b5ec[e+fx] \/a-bSec[e+fx] Va-bx

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=

a”2xdxCot [e+f*x]/(f*Sqr't [a+b*Csc [e+'F*x] ] *Sqrt [a-b*Csc [e+f*x] ] ) *Subst [Int [ (d*x)”~(n-1) /Sqrt[a-b*x],x],X,Csc [e+'F*x] ] /3
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0]

18



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

6. J(a+bSec[e+fx])'" (dSec[e+fx])"d1x when a2 -b%?==0 Am+n=0 A 2meZ

\/dSec[e+fx]

\/a+bSec[e+-Fx]

\/ dSec[e+fx]

\/a+bSec[e+fx]

dx when a2 -b2==0

dlxwhenaz—b2==0/\d==§/\a>9

Derivation: Integration by substitution

BaS|S: |f a2 — b2 == 0 /A d -— a A a > 0, then VdSecle+fx] —__ V2 Va SUbS't[ 1 , X, bTan[e+f x] ]ax bTan[e+f x]
b Va+bSec[e+f x] bf m a+bSec[e+f x] a+b Sec[e+f x]
Rule:If a2 -b%? =20 A d == 2 A a>0,then
+/dsec[e+fx] V2 Va 1 bTan[e + f x]
dx — —Subst[j— dx, X, —]
\/a+bSec[e+-Fx] bf V1+x? a+bSec[e+-Fx]

Program code:

Int[Sqrt[d_.xcsc[e_.+f_.+x_]]/sqrt[a_+b_.xcsc[e_.+f_.xx_]],x_Symbol] :=
-Sqrt[2] «Sqrt[a] / (b+f) «Subst [Int[1/Sqrt [1+x"2],X],X,bxCot [e+f*x]/(a+b*Csc [e+fxx])] 73
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2-b"2,0] && EqQ[d-a/b,0] && GtQ[a,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

’\/dSec[e+fx]

\/a+bSec[e+fx]

dx when a2 -b2==0

Derivation: Integration by substitution

e _ _Vdsecle+fx]  __ 2bd
Basis: If a2 - b? -- 0, then Mdsecre+fx1 __ 2bd Subst[ ~, X, bTan[e+f x] ] 3, bTan[e+f x]
Va+bSec[e+f x] af 2b-dx Va+bSec[e+fx] VdSec[e+fX] \a+bSec[e+fx] VdSec[e+fx]

Rule: If a? - b? == 9, then

\/ dsec[e +fx]

\/a+bSec[e+-Fx]

bTan[e+fx]

2bd 1
Subst[J- 5 %5 X,
af 2b-dx \/a+bSec[e+-Fx] \/dSec[e+-Fx]

Program code:

Int[Sqrt[d_.xcsc[e_.+f_.+x_]]/Sqrt[a_+b_.xcsc[e_.+f_.»x_]],x_Symbol] :=
-Z*b*d/(a*f) *Subst [Int [1/ (2xb-d%x”~2) ,x],x,bxCot [e+f*x]/(Sqr't [a+b*Csc [e+'F*x] ] *Sqrt [d*Csc [e+'F*x] ] ) ] /3
FreeQ[{a,b,d,e,f},x] && EqQ[a~2-b"2,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: J-(a+bSec[e+-Fx])m(dSec[e+-Fx])"dlx when az—b2==0Am+n==0/\m>§

Derivation: Singly degenerate secant recurrence lawithA—-1, B-0, m> -n-1, p—> 0
Rule:If a2 -b?==0 Am+n=0 A m> %,then

J\(a+b5ec[e+1‘x])m (dsec[e+fx])"dx —

aTan[e+ fx] (a+bSec[e+-Fx])'"'1 (dsec[e+fx])" b (2m-1)
+

. p J\(a+b5ec[e+1‘=x])m'1 (dSec[e+fx])"*1dlx
m m

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])"n_,x_Symbol] :=

-axCot[e+fxx] » (a+bxCsc[e+fxx] )" (m-1) » (dxCsc[e+Fxx] ) n/(f+m) +

bx (2xm-1) / (d+m) xInt [ (a+bxCsc[e+fxx] )~ (m-1) » (dxCsc[e+fxx])~(n+1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && EqQ[m+n,0] & GtQ[m,1/2] & IntegerQ[2xm]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3: J-(a+bSec[e+-Fx])m(dSec[e+-Fx])"dlx when az—b2==0Am+n==0/\m<—§

Derivation: Singly degenerate secant recurrence 2b withA > c, B>d, n—>-m-2, p >0
Rule:If a2 -b%?==0 Am+n==0 A m< —%,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])"dx —

bdTan[e+fx] (a+bSec[e+fx])" (dSec[e+Fx])"" d(m+1)

bs £x])™* (ds £x])"a
PP b 2me D) j(a+ ec[e+fx])™" (dsec[e+fx]) X

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=

bxdxCot [e+f*x] * (a+b*Csc [e+f*x] )"m* (d*Csc [e+f*x] )" (n—1)/(a*f* (2xm+1) ) +

d* (m+1) / (b* (2#m+1) ) *Int [ (a+bxCsc[e+fxx] )~ (m+1) x (dxCsc[e+fxx])~(n-1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && EqQ[m+n,0] & LtQ[m,-1/2] && IntegerQ[2xm]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

7. J(a+bSec[e+fx])'" (dSec[e+fx])"d1x when a2 -b?==0 Am+n+1==0

1: J(a+b$ec[e+fx])'"(dSec[e+-Fx])"d1x when a2 —b2=0@ Am+n+1=0 A m<-=
2

Derivation: Singly degenerate secant recurrence 2b withA -1, B0, n>-m-2, p > 0
Rule:lf a2 -b%2==0 Am+n+1==20 A m< —%,then

J-(a+bSec[e+-Fx])'" (dsec[e+fx])"dx —

Tan[e + f x| (a+bSec[e+-Fx])"'(dSec[e+-Fx])"+ m

bs £x])™* (ds £x])"a
fmeD) P J(a+ ec[e+ x]) ( ec[e+ x]) X

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])"n_,x_Symbol] :=
-Cot[e+fxx] » (a+bxCsc[e+fxx])~ms (dxCsc[e+fxx]) n/(fx (2+m+1)) +
m/ (a% (2#m+1) ) +Int [ (a+bxCsc[e+fxx] )~ (m+1)  (dxCsc[e+fxx])~n,x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2-b"2,0] & EqQ[m+n+1,0] && LtQ[m,-1/2]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: J-(a+bSec[e+-Fx])m(dSec[e+-Fx])"dlx when az—b2==0Am+n+1==0Am¢—%

Derivation: Singly degenerate secant recurrence 1cwithA -1, B->0, m—> -n-2, p >0
Rule:lf a2 -b?==0 Am+n+1==0 A m¢« —%,then

J\(a+b5ec[e+1‘x])m (dsec[e+fx])"dx —

Tan[e + f x| (a+bSec[e+Fx])m(dSec[e+1:x])"+ am

bs £x])" (ds £x])"a
P bd ma ) J.(a+ ec[e+ x]) ( ec[e+ x]) X

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=

-Cot [e+f*x] * (a+b*CSC [e+'F*x] )"m* (d*Csc [e+f*x] ) "n/(-F* (m+1) ) +

axm/ (bxdx (m+1) ) *Int [ (a+bxCsc[e+fxx] ) m« (dxCsc[e+fxx] )~ (n+1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && EqQ[m+n+1,0] && Not[LtQ[m,-1/2]]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

8. J(a+bSec[e+fX])"‘ (dSec[e+fx])"d1x when a2-b2=0 Am>1

1: J(a+b$ec[e+fx])"' (dSec[e+-Fx])"d1x when a2 -b2==0 Am>1 A n<-1

Derivation: Singly degenerate secant recurrence lawithA -a, B->b, m->m-1, p-> 0

Rule:If a2-b%?==0 Am>1 A n< -1,then

J-(a+bSec[e+-Fx])'" (dsec[e+fx])"dx —

b?Tan[e + f x| (a+bSec[e+1=x])""2 (dsec[e+fx])"
fn

diJ-(a+bSec[e+-Fx])""2 (dSec[e+-Fx])"+1 (b (m-2n-2) -a (m+2n-1) Sec[e+fx]) dx
n

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_#(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=

b~2xCot [e+f*x] * (a+b*Csc [e+f*x] ) A(m-2) * (d*Csc [e+'F*x] ) "n/(-F*n) -

a/ (d+n) «Int[ (a+bxCsc[e+fxx] )~ (m-2) x (dxCsc[e+fxx])~ (n+1) » (bx (M-2xn-2) -a* (M+2xn-1) xCsc [e+Fxx] ) ,x] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] && GtQ[m,1] && (LtQ[n,-1] || EqQ[m,3/2] & EqQ[n,-1/2]) && IntegerQ[2xm]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: J-(a+bSec[e+-Fx])m(dSec[e+-Fx])"dlx when a?-b2=0 Am>1 An¢g-1Am+n-1#0

Derivation: Singly degenerate secant recurrence lb withA-a, B-b, m->m-1, p-> 0
Rule:if a2 -b?==0 Am>1An¢«-1 Am+n-1%0,then

J\(a+b5ec[e+1=x])m (dsec[e+fx])"dx —

b”Tan[e + f x| (a+bSec[e+1‘:x])m‘2 (dsec[e+fx])"

+

f(m+n-1)
b

j(a+bSec[e+1¢x])m_2 (dsec[e+fx])" (b (m+2n-1) +a (3m+2n-4) Sec[e+fx]) dx
m+n-1

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

-b~2xCot [e+fxx]+ (a+bxCsc[e+Ffxx] )~ (m-2) « (dxCsc[e+Ffxx])An/(fx (men-1)) +

b/ (m+n-1) *xInt [ (a+b*Csc [e+f*x] ) A(m-2) (d*Csc [e+'F*X] ) nx (b* (m+2%n-1) +ax (3xm+2xn-4) xCsc [e+f*x] ) ,x] /3
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && GtQ[m,1] & NeQ[m+n-1,0] & IntegerQ[2xm]

9. j(a+b$ec[e+fx])m (dsec[e+fx])"dx when a®-b?==0 A m< -1
1. j(a+bSec[e+-Fx])'" (dSec[e+fx])"dlx when a2-b2=0 Am<-1 An>1

1: J(a+b5ec[e+fx])"'(dSec[e+-Fx])"d1x when a2-b2=0 Am<-1A1l<n<2

Derivation: Singly degenerate secant recurrence 2a withA -1, B> 0, p > 0

Rule:If a2 -b?==0 Am< -1 A 1<n<2,then

j(a+bsec[e+fx])"' (dsec[e+Fx])"dx —

dean[e+-Fx] (a+bSec[e+-Fx])'" (dSec[e+-Fx])"'1
} af (2m+1) )
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

d

mj(a+b5ec[e+fx])m+1 (dSec[e+-Fx])"'1 (a(n-1) -b (m+n) Sec[e+fx]) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

bxdxCot [e+fxx]+ (a+bxCsc[e+fxx]) mx (dxCsc[e+fax]) " (n-1) /(asfx (2+m+1)) -

d/ (axbx (2+m+1) ) +Int [ (a+bxCsc[e+fxx] )" (m+1) # (dxCsc[e+fxx]) " (n-1) x (ax (n-1) -bx (m+n) xCsc[e+Fxx]),x] /;
FreeQ[{a,b,d,e,f},x]| & EqQ[a~2-b"2,0] && LtQ[m,-1] && LtQ[1,n,2] && (IntegersQ[2xm,2xn] || IntegerQ[m])

2: J(a+b5ec[e+fx])"‘ (dSec[e+fx])"d1x when a2 -b%?=0 Am<-1 A n>2

Derivation: Singly degenerate secant recurrence 2awithA-c, B>d, n->n-1, p-> 0

Rule:If a2-b%2==0 Am< -1 A n> 2,then

j(a+b$ec[e+fx])'" (dsec[e+fx])"dx —

dZTan[e+-Fx] (a+bSec[e+1=x])"I (dSec[e+1:x])"'2
£ (2m+1)

+

dZ
ab (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

-d*2xCot [e+-F*x] * (a+b*CSC [e+-F*x] )"m* (d*CSC [e+f*x] ) 2 (n—2)/(f* (2*m+1)) +

d~2/ (axbx (2#m+1) ) »Int [ (a+bxCsc[e+fxx] )~ (m+1)  (dxCsc[e+Fxx] )~ (n-2) # (bx (n-2) +ax (m-n+2) xCsc [e+Fxx]),x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a~2-b"2,0] && LtQ[m,-1] && GtQ[n,2] && (IntegersQ[2«m,2«n] || IntegerQ[m])

j(a+b$ec[e+fx])'"+1 (dSec[e+-Fx])"'2 (b(n-2) +a (m-n+2)Sec[e+fx])dx
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: J-(a+bSec[e+-Fx])rn (dSec[e+-Fx])"dlx when a2-b2=0 Am<-1 A ny0

Derivation: Singly degenerate secant recurrence 2b withA -1, B> 90, p—> 0
Rule:If a2 -b%?==0 A m< -1 A n # 0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])"dx —

Tan[e+fx] (a+bSec[e+fx])" (dSec[e+Ffx])"

+

f(2m+1)

Z;J.(a+b5ec[e+fx])'"+1 (dsec[e+fx])" (a(2m+n+1) -b (m+n+1) Sec[e+fx]) dx
a‘ (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

-Cot [e+'F*X] * (a+b*Csc [e+-F*x] )"m* (d*CSC [e+'F*X] ) "n/(-F* (2xm+1) ) +

1/ (a”2% (2xm+1) ) *Int [ (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+f*x] ) Anx (a* (2xm+n+1) -b% (m+n+1) *Csc [e+f*x] ) ,x] /3
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && LtQ[m,-1] & (IntegersQ[2+m,2«n] || IntegerQ[m])
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2-b%2==0

10 J« (dsec[e+fx])"

a+bSec[e+-Fx]

dx when a2-b?2=0 A n>1

N J-(dSec[e+fx])"

a+bSec[e+-Fx]

Derivation: Singly degenerate secant recurrence 2a withA-c, B->d, m-» -1, n->n-1, p-> 0

Rule: If a2 -b%?==0 A n > 1,then

J(dSec[erFx])" d*Tan[e + f x| (dSec[e+-Fx])"'2

dZ
dx — - - bJ\(dSec[e+-Fx]) (b (n-2) -a(n-1) Sec[e+fx]) dx
a

a+bSec[e+fx] -F(a+bSec[e+-Fx])

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~n_/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=
d~2xCot [e+fxx]* (dxCsc[e+fxx] )" (n—2)/(f* (a+bxCsc[e+fxx])) -
d~2/ (axb) »Int[ (dxCsc[e+fxx])~ (n-2) » (bx (n-2) -ax (n-1) xCsc[e+Fxx]),x] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] && GtQ[n,1]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2-b2==0 A n<©

). J«(dSec[e+-Fx])"

a+bSec[e+fx]

Derivation: Singly degenerate secant recurrence 2b withA -1, B—-0, m—> -1, p—> 0

Rule: If a2 - b%? == 0 A n < 0, then

—(dSec[e+fx])" Tan[e + fx] (dsec[e+fx])" 1 ec[e+fx])" (a(n-1) -bnsSec[e+fx]) dx
~J-a+b5ec[e+1:x] i f (a+bsSec[e+fx]) _aZI(dS [e+fx])" (a(n-1) -bnsec[e+fx])a

Program code:

Int[(d_.#csc[e_.+f_.xx_])~n_/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=
Cot[e+fxx]« (dxCsc[e+fxx])~n/(fx (a+bxCsc[e+fsx])) -
1/a”2+Int[ (dxCsc[e+fxx] )~ n« (a* (n-1) -bxnxCsc[e+fxx]),x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2-b"2,0] && LtQ[n,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2-b%==0

. J(dSec[erFx])"

a+bSec[e+fx]

Derivation: Singly degenerate secant recurrence 2awithA-1, B-0, m-> -1, p—> 0

Rule: If a? - b? == 9, then

n
dx —

bdTan[e+fx] (dSec[e+fx])"*

d(n-1)

(dsec[e+fx])
Javseceren

a+bSec[e+fx] af (a+bsec[e+fx])

Program code:

Int[(d_.#csc[e_.+f_.xx_])~n_/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=

—b*d*Cot[e+f*x]*(d*Csc[e+f*x])A(n—l)/(a*f*(a+b*Csc[e+f*x])) +
dx (n-1) / (a*b) xInt[ (d«Csc[e+fxx] )" (n-1) » (a-bxCsc[e+Ffxx]),x] /;
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0]

(dsec[e+fx])"

dx when a2-b%2==0

\/a+bSec[e+fx]

(dSec[e+fx])"
dx when a2-b2=0 A n>1

\/a+bSec[e+fx]

(dSec[e+-Fx])3/2

dx when a2 -b2==0

\/a+bSec[e+fx]

Derivation: Algebraic expansion

Basis: dz __ d+va+bz ad

\Ja+bz b b+a+bz
Rule: If a? - b? == 9, then

ab

J‘(dSec[e+1:x])"'1 (a-bsec[e+fx]) dx



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

ad '\/dSec[e+fx]

d
dx — —J\/a+b5ec[e+fx] \/dSec[e+fx] dx - — dx
b b \/a+bSec[e+fx]

(dSec[e+1=x])3/2

\/a+bSec[e+fx]

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~(3/2)/Sart[a_+b_.xcsc[e_.+f_.»x_]],x_Symbol] :=
d/bsInt[Sqrt[a+b«Csc[e+fxx]]+Sqrt[d«Csc[e+fsx]],x] -
axd/bxInt[Sqrt[d«Csc[e+fxx]]/Sqrt[a+bsCsc[e+fxx]],x] /;

FreeQ[{a,b,d,e,f},x]| && EqQ[a~2-b"2,0]

(dSec[e+-Fx])"
dx when a2-b%2=0 A n>2

\/a+bSec[e+fx]

Derivation: Singly degenerate secant recurrence 2c withA - c, B>d, m - %, n-n-1,p-0

Rule: If a2 - b%?==0 A n > 2,then

(dsec[e+fx])"

dx —

\/a+bSec[e+fx]

X

2d*Tan[e + f x| (dSec[e+1:x])"'2 d? J\(dSec[e+1:x])"'2 (2b (n-2) -asec[e+fx])
+ d

b (2n-3)

f(2n—3)\/a+b5ec[e+fx] \/a+b5ec[e+fx]

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~n_/Sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
—2*dA2*Cot[e+f*x]*(d*Csc[e+f*x])A(n-Z)/(f*(Z*n—S)*Sqrt[a+b*Csc[e+f*x]]) +
d"2/(b*(2*n—3))*Int[(d*Csc[e+f*x])"(n—2)*(z*b*(n—Z)—a*Csc[e+f*x])/Sqrt[a+b*Csc[e+-F*x]],x] /3

FreeQ[{a,b,d,e,f},x]| & EqQ[a~2-b"2,0] && GtQ[n,2] && IntegerQ[2xn]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(dSec[e+fx])"
dx when a2-b%2=0 A n<®

\/a+bSec[e+fx]

Derivation: Singly degenerate secant recurrence 1cwithA -1, B> 90, p >0

Rule: If a2 - b% =20 A n < 0, then

(dsec[e+fx])" _Tan[e+-Fx] (dSec[e+1=x])"+ 1 J(dSec[e+fX])“+1 (a+b(2n+1) Sec[e+fx]) 4

dx —
\/ X 2bdn
a+bSec[e+-Fx] -Fn\/a+bSec[e+-Fx]

\/a+bSec[e+-Fx]

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~n_/Sqrt[a_+b_.xcsc[e_.+f_.xx_]],x_Symbol] :=

Cot [e+fxx] » (dxCsc[e+fxx] ) n/ (fsnxSqrt[a+bsCsc[e+fsx]]) +

1/ (2xbxdxn) *Int [ (d*Csc [e+f*x] ) A(n+l) * (a+b* (2xn+1) xCsc [e+f*x] )/Sqr't [a+b*Csc [e+'F*x] ] ,x] /3
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2-b"2,0] && LtQ[n,0] && IntegerQ[2xn]

X
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

12: J(a+bSec[e+fX])"‘(dSec[e+fx])"d1x when a2-b2=0 An>2Am+n-1#0

Derivation: Singly degenerate secant recurrence 2c withA - c, B>d, n-n-1, p—> @
Rule:If a2-b2==0 An>2Am+n-1%0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])"dx —

d*Tan[e+fx] (a+bSec[e+fx])" (dsec[e+fx])"? a2 2
+ j(a+b5ec[e+fx])m(dSec[e+-Fx])"‘ (b (n-2) +amSec[e+fx]) dx
f(m+n-1) b (m+n-1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=

-d”*2xCot [e+'F*x] * (a+b*Csc [e+‘F*x] )"m* (d*CSC [e+f*x] ) 2 (n—2)/(f* (m+n-1) ) +

d”*2/ (b (m+n-1) ) *Int [ (a+b*Csc [e+'F*x] ) m* (d*Csc [e+'F*x] )" (n-2) % (b* (n-2) +axmxCsc [e+'F*x] ) ,x] /5
FreeQ[{a,b,d,e,f,m},x] && EqQ[a"2-b"2,0] && GtQ[n,2] & NeQ[m+n-1,0] & IntegerQ[n]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

13. J(a+bsin[e+fx])'" (dsin[e+fx])"d1x when a2 -b%?==0 Am¢Z A a>0

1: J(a+b5ec[e+fx])'"(dSec[e+fx])"d1x when a2 -b%?==0 AmM¢Z Aa>0 An¢zZ A %>0

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b2 == 0, then oy Tan[e+f x] -
\/a+bSec[e+f x] +/a-bSec[e+fx]
. 2
Basis: If a2 - b% == 9, then - a” Tan[e+f x] Tan[e+f x] -

rJa+bSec[e+fx] /a-bSec[e+fx] +/a+bSec[e+fx] /a-bSec[e+fx]

: Tan[e+f bSec[e+fx])™: (& Sec esfx])"
Basis: If a > @, then —onlerX) (arbeclertx]) (5 Seclefx))”
\/a-b Sec[e+f x]

- Subst{ (a*’”"*lv%a”‘) <, X, a-bSec[e+fx] |0y (a-bSecle+fx])
ad

Rule:lf a2-b%2 =0 Am¢gZ Aa>0 AnegZ A &% > 0, then

J(a+b$ec[e+fx])'" (dsec[e+fx])"dx —

a2 (%)nTan[ewa] Tan[e + f x| (a+bSec[e+-Fx])""; (ESec[ewa])n
- j 2 dx —
\/a+bSec[e+fx] \/a—bSec[e+fx] \/a—bSec[e+fx]
ad\"n 1
=] Tan|e+ fx _yyn-1 -
( b) [ ] Subst[J(a X) " (2a-x)" dx, X, a-bSec[e+fx]]
a"‘z-F'\/a+bSec[e+-Fx] '\/a—bSec[e+-Fx] Vx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])~m_«(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
- (axd/b) *nxCot [e+-F*x]/(a" (n-2) »fxSqrt [a+b*Csc [e+-F*x] ] *Sqrt [a—b*Csc [e+f*x] ] ) *
Subst[Int[(a-x)"(n-1)*(2+a-x)~(m-1/2) /Sqrt[x],x],x,a-bxCsc[e+fxx]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] & Not[IntegerQ[m]] && GtQ[a,0] && Not[IntegerQ[n]] && GtQ[axd/b,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 36

2: J(a+bSec[e+-Fx])'"(dSec[e+-Fx])"dlx when a?-b2=0 Am¢Z A a>0 An¢zZ A %<0

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a% - b2 == @, then Oy Tan[e+f x] -
~Ja+bSec[e+fx] /a-bSec[e+fx]
. 2
Basis: If a2 - b? == @, then - a” Tan[e+f x] Tan[e+f x| -

rJa+bSec[e+fx] /a-bSec[e+fx] +/a+bSec[e+fx] /a-bSec[e+fx]

Basis: If a > ©, then Tan[e+f x] (a+bSec[e+f x])m% (-2 secle+fx])" B
vJa-bSec[e+f x]

1
2

1 Subst{w, X, a+bSec[e+fx]|Ox (a+bSec[e+fx])

Canf V2a-x
 Rule:lfa2-b2=@ AmMm¢ZAa>0@ANEZ A %<0,then

J(a+b$ec[e+fx])"' (dsec[e+fx])"dx —

a2 (—%)nTan[erFx] Tan[e+-Fx] (a+bSec[e+-Fx])'"'; (—ESec[erFx])n
- J dx —
'\/a+bSec[e+-Fx] \/a—bSec[e+fx] \/a—bSec[e+-Fx]
ad\n 1
-==| Tan|e + fx m-> (5 _ yxyn-1
( b) [ ] Subst J&dx, x,a+bSec[e+-Fx]]
a“‘lf\/a+b5ec[e+fx] \/a—bSec[e+-Fx] V2a-x

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_»(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
- (-a*d/b) *n«Cot [e+fxx] /(a~ (n-1) »F+Sqrt [a+bxCsc [e+fxx] | +Sqrt[a-bxCsc[e+fxx]])*
Subst [Int[x"(m-1/2)(a-x)"(n-1) /Sqrt[2=a-x],x],X,a+bxCsc[e+fxx]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]] & GtQ[a,0] && Not[IntegerQ[n]] & LtQ[a*d/b,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3: J(a+bSec[e+-Fx])'" (dSec[e+-Fx])"dlx when a2 -b%?==0 AmM¢Z A a>0

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a? - b? == @, then oy Tan [e+f x] -
~Ja+bSec[e+fx] /a-bSec[e+fx]

a’Tan[e+f x] Tan[e+f x| _
rJa+bSec[e+fx] /a-bSec[e+fx] +/a+bSec[e+fx] /a-bSec[e+fx]

Basis: If a% - b2 == 9, then -

Basis: Tan[e + £ x] F[Sec[e+fx]] = T Subst|FXL, x, Sec[e +fx] ] oxSec[e + fx]

Note: If a > 0, then (dX)nj(%b’”mz is integrable without the need for additional piecewise constant factors.
a-b X

Rule:If a2-b%?==0 Ame¢Z A a> 0,then

J(a+b$ec[e+fx])"' (dsec[e+fx])"dx —

dx —

a’Tan[e + f x| JTan[erFx] (a+bSec[e+-Fx])""; (dsec[e+fx])"

\/a+b5ec[e+fx] \/a—bSec[e+-Fx] \/a—bSec[e+-Fx]

24T £ n-1 h
2 an[e+ x] Subst J(dx) (@a+bx) dx, X, Sec[e+-Fx]]

-F\/a+bSec[e+-Fx] \/a—bSec[e+-Fx] a-bx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_#(d_.xcsc[e_.+f_.»x_])~n_.,x_Symbol] :=
a*2+d«Cot [e+fxx]/(f+Sqrt[a+bsCsc[e+fxx]]+Sqrt[a-bsCsc[e+fsx]])
Subst[Int[ (dxx)"(n-1)* (a+bxx)~(m-1/2) /Sqrt[a-bxx],x],x,Csc[e+fxx]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]] & GtQ[a,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

14: J(a+bSec[e+fx])'" (dSec[e+fx])"d1x when a2 -b2==0 Am¢Z A a30

Derivation: Piecewise constant extraction

Basis: If 6, (2bseclexfx1IT . g
(1+g Sec[e+fx])

Rule:lf a2-b2=20 AmM¢Z Ane¢Z A %>0Aa}0,then

1+ESec[e+fx] " (dSec[e+fx])"d1x
a

alntPartinl (3 4 bSec[e + fx]) FracPart[m] (

J(a+b5ec[e+fx])"' (dsec[e+fx])"dx —

FracPart
(1+ 2 secfe s £x])

Program code:
Int[(a_+b_.xcsc[e_.+f_.»x_]) m_«(d_.xcsc[e_.+f_.xx_])~n_.,x_Symbol] :=

a~IntPart[m] « (a+bxCsc[e+fxx] ) FracPart[m] /(1+b/axCsc[e+fxx])~FracPart[m]+Int[(1+b/axCsc[e+fxx]) mx (d+Csc[e+Ffxx])"n,x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && Not[IntegerQ[m]] & Not[GtQ[a,0]]

6. j(a+bSec[e+fx])'"(dSec[e+-Fx])"d1x when a2 - b2 #0
1. JSec[e+fx] (a+bSec[e+-Fx])"'d1x when a2 -b%2 # 0

1. JSec[e+fx] (a+bsec[e+fx])"dx whena’-b’#0 A m>0

1: Sec[e+fx] \/a+bSec[e+-Fx] dx when a2-b%#0

Derivation: Algebraic expansion

Basis: \/a+ bz == —2ab_ , bz
Vasbz  Jatbz

Rule: If a2 - b% # 0, then




Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

X

S f S f 1+S f
JSec[e+fx]\/a+bSec[e+fX] dx — (a-b) ecfe+fx] dx+bJ ecfe+fx] (1+Secfefx]) d

\/a+bSec[e+fx] \/a+bSec[e+fx]

Program code:

Int[csc[e_.+f_.#x_]»Sqrt[a_+b_.xcsc[e_.+f_.#x_]],x_Symbol] :=
(a-b) xInt[Csc[e+fxx]/Sqrt[a+bxCsc[e+fxx]],x] + bxInt[Csc[e+fxx]+(1+Csc[e+fxx])/Sart[a+bsCsc[e+f+x]],x] /;
FreeQ[{a,b,e,f},x] & NeQ[a~2-b"2,0]

2: [sec[e+fx] (a+bSec[e+fx])"dx whena®-b>#0 A m>1

Derivation: Cosecant recurrence 1lb withc - ac, d>bc+ad, C-bd, m-0, n>n-1

Rule: If a2 -b%? +0 A m > 1,then

jSec[e+fX] (a+bsec[e+fx])"dx —

bTan[e+-Fx] (a+bSec[e+-Fx])""1

fm m

Program code:

Int[csc[e_.+f_.xx_]*(a_+b_.xcsc[e_.+f_.+x_])~m_,x_Symbol] :=

-bxCot [e+f*x] * (a+b*C5c [e+f*x] ) A (m—1)/(-F*m) +

1/m+Int[Csc[e+fxx]* (a+bxCsc[e+fxx]|)~ (m-2) « (b"2# (m-1) +a”2+m+axbx (2xm-1) xCsc[e+Ffxx]),x] /;
FreeQ[{a,b,e,f},x] & NeQ[a~2-b"2,0] & GtQ[m,1] && IntegerQ[2xm]

2. Sec[e+-Fx] (a+bSec[e+-Fx])'"d1x when a2-b2#0 A m<©

dx when a2 -b% #0

. J~ Sec[e + f x|

a+bsec[e+fx]

+EJSec[e+fX] (a+bSec[e+-Fx])""2 (b* (m-1) +a’m+ab (2m-1) Sec[e + fx]) dx
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2 -b%#0

- J- Sec[e + f x|

a+bSec[e+-Fx]

Derivation: Integration by substitution

fee Sec[e+f X 2 1 Tan[e+f x] Tan[e+f x]
Basis: a+bSec[e+fx] = f Subst [ a+b-(a-b) x2? 72 1+Sec[e+f x] } Ox 1+Sec[e+f Xx]

Rule: This rule may be preferable to the following one, but will require numerous changes to the test suite.
Rule: If a2 - b% 0, then

Sec[e+fx] 2 1 Tan[e+fx]
j— dx — —Subst[J— dx, X, —]
a+bSec[e+fx] f a+b- (a-b)x? 1+Sec[e+fx|

Program code:

(+ Int[csc[e_.+f_.xx_]/(a_+b_.xcsc[e_.+f_.+x_]),x_Symbol] :=
-2/fxSubst[Int[1/ (a+b- (a-b) #x*2),x],X,Cot[e+fxx]/(1+Csc[e+fxx])] /;
FreeQ[{a,b,e,f},x] && NeQ[a"2-b"2,0] *)
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2 -b%#0

. J- Sec[e + x|

a+bsec[e+fx]

Derivation: Algebraic simplification

i z __
Basis: =~ = ¢ Lz

Rule: If a? - b% # 0, then

Sec[e+-Fx] 1 1
——dX — -— dx
a+bsSec[e+fx] b 1+§Cos[e+fx]

Program code:
Int[csc[e_.+f_.+x_]/(a_+b_.+csc[e_.+f_.xx_]),x_Symbol] :=

1/bxInt[1/(1+a/bsSin[e+f+x]),x] /;
FreeQ[{a,b,e,f},x] & NeQ[a~2-b"2,0]

Sec[e+fx]

dx when a2-b%#0

\/a+b5ec[e+fx]

Derivation: Piecewise constant extraction and integration by substitution

Basis: 3, ( 1 \/ b (1-Secle+fx]) \/_ b (1:+Sec[e+f x]) ) -

Tan[e+f X] a+b a-b

Basis:Sec[e + fx] Tan[e + fx] F[Sec[e +fXx]] == %Subst[F[x], X, Sec[e+ fx]] OxSec[e + fX]

Rule: If a2 - b% # 0, then

dx

Sec[e + x| 1 \/b(l—Sec[e+fx]) \/_b(1+5ec[e+fx]) Sec[e + fx]| Tan[e + fx]

dx —
\/a+bSec[e+-Fx] Tan[e+-Fx] a+b a-b

b bSecle+f x b bSecle+fx
+ + _ - -
—\/ a+bSec [e f X] \/ a+b a+b \/ a-b a-b



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

b(1-5S f b(1+S f
~ 1 ( ec[e+fx]) ) (1+sec[e+fx]) Subst[ 1 dx, x, Sec[e+fx]]
f Tan[e + f x| a+b a-b

a+b

o

X

o

a-

[\/a+b5ec[e+fx]

EllipticF [Ar‘cSin ]’ N E]
a-

2vVa+b b (1-Sec[e+fx]) \/_b(1+5ec[e+fx])

N
bfTan[e+ fx] a+b a-b 5

Program code:

Int[csc[e_.+f_.+x_]/Sqrt[a_+b_.xcsc[e_.+f_.+x_]],x_Symbol] :=
-2#Rt[a+b,2] /(bxfxCot[e+fxx])+Sqrt[ (b (1-Csc[e+Ffxx]))/(a+b) | +Sqrt[-b« (1+Csc[e+fxx])/(a-b) ]+
EllipticF[ArcSin[Sqrt[a+bsCsc[e+fxx]]/Rt[a+b,2]], (a+b)/(a-b)] /;
FreeQ[{a,b,e,f},x] & NeQ[a*2-b"2,0]

3: Sec[e+-Fx] (a+bSec[e+fx])"'d1x when a2-b%2#0 A m< -1

Derivation: Cosecant recurrence 2b withC - 9, m - @
Rule: If a2 -b%? +0 A m< -1, then

jSec[e+fx] (a+bsec[e+fx])"dx —

bTan[e+fx] (a+bsSec[e+fx])™*
.

jSec[e+fx] (a+bSec[e+-Fx])'"+1 (a(m+1) -b (m+2) Sec[e+fx]) dx
f (m+1) (a%-b?) (m+1) (a%-b?)

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=

-bxCot[e+fxx] » (a+bxCsc[e+fxx] )" (m+1) /(Fx (m+l) x (a"2-b"2)) +

1/ ((m+1) » (a"2-b"2) ) xInt [Csc[e+fxx]* (a+bxCsc[e+Ffxx] )" (m+1) # (a* (m+1) -bx (m+2) xCsc [e+f*x]),x] /;
FreeQ[{a,b,e,f},x] & NeQ[a"2-b"2,0] && LtQ[m,-1] && IntegerQ[2xm]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3: Sec[e+-Fx] (a+bSec[e+-Fx])'"d1x when a2 -b?#0 A 2m¢zZ

Derivation: Piecewise constant extraction and integration by substitution

Basis: 0 Tan[e+f x] -9
X J1+Sec[e+fx] /1-Sec|e+fx]

Basis: — Tan[e+f x] Tan[e+f x] _
vJ1+Sec[e+fx] /1-Sec[e+fx] ~/1+Sec[e+fx] ~/1-Sec[e+fX]

Basis: Tan[e + f x] F[Sec[e+fx]] = T Subst|FXL, x, Sec[e +fx] ] oxSec[e + fx]

Rule:If a2 -b%? + @ A 2m ¢ Z,then

Tan[e+fx] Tan[e+-Fx] Sec[e+-Fx] (a+bSec[e+1=x])m
Sec[e+fx]| (a+bSec[e+fx])"dx — - dx
\/1+Sec[e+-Fx] \/1—Sec[e+-Fx] \/1+Sec[e+-Fx] \/1—Sec[e+-Fx]
T f m
— - an[e+ X] Subst &dx, X, Sec[e+fx]]
f\/1+5ec[e+fx] \/1—Sec[e+fx] Vi+x V1-x

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+f_.#x_])~m_,x_Symbol] :=
Cot[e+fxx]/(F+Sqrt[1+Csc[e+Ffxx]]+Sqrt[1-Csc[e+Ffxx]])+Subst[Int[ (a+bxx)~m/ (Sqrt[1+x]*Sqrt[1-x]),x],X,Csc[e+f+x]] /;
FreeQ[{a,b,e,f,m},x] & NeQ[a"2-b"2,0] && Not[IntegerQ[2«m]]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2. JSec[e+fx]2 (a+bSec[e+-Fx])"'dlx when a2 - b% #0

1: Sec[e+-Fx]2 (a+bSec[e+-Fx])'"dlx when a2-b2#0 Am>0

Reference: G&R 2.551.1 inverted

Derivation: Nondegenerate secant recurrence lb withA-ac, B-bc+ad, C-bd, m-0, n>n-1, p->0

Rule: If a2 -b%2 0 A m> 0, then

Tan[e+fx] (a+bSec[e+-Fx])"' m
+

JSec[erFx]z (a+bsece+fx])"dx — JSec[e+-Fx] (a+bSec[e+-Fx])""1 (b+asec[e+fx]) dx

f(m+1) m+1

Program code:

Int[csc[e_.+f_.*x_]"2#(a_+b_.xcsc[e_.+f_.*x_])~m_,x_Symbol] :=

-Cot [e+-F*x] * (a+b*CSC [e+f*x] )"m/(f* (m+1) ) +

m/ (m+1) +Int [Csc[e+fxx]» (a+bxCsc[e+fxx])~ (m-1) » (b+axCsc[e+fxx]),x] /;
FreeQ[{a,b,e,f},x] & NeQ[a*2-b"2,0] && GtQ[m,O]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: Sec[e+-Fx]2 (a+bSec[e+-Fx])'"dlx when a2-b2#0 A m< -1

Reference: G&R 2.551.1

Derivation: Nondegenerate secant recurrence 1la withA~>c, B—-d, C-0, n->0, p-> 0

Rule:If a2 -b%? +0 A m< -1, then

Jsec[eﬂcx]z (a+bSec[e+fx])"dx —

aTan[e + fx] (a+bSec[e+-Fx])'“+1 1
- - jSec[e+Fx] (a+bsec[e+fx])™ (b (m+1) -a (m+2) Sec[e+fx])dx
f (m+1) (a%-b?) (m+1) (a%-b?)

Program code:

Int[csc[e_.+f_.xx_]"2#(a_+b_.xcsc[e_.+f_.*x_])"m_,x_Symbol] :=

axCot [e+'F*x] * (a+b*Csc [e+f*x] )" (m+1)/(-F* (m+1) = (a*2-b"2) ) -

1/ ((m+1) » (a"2-b"2) ) xInt [Csc[e+Ffxx]# (a+bxCsc[e+Ffxx] )" (m+1) # (b* (m+1) -ax (m+2) xCsc [e+F*x]),x] /;
FreeQ[{a,b,e,f},x] & NeQ[a"2-b"2,0] && LtQ[m,-1]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2
Sec[e+fx] dx when a2-b%2#0

\/a+bSec[e+fx]

Derivation: Algebraic expansion

Rule: If a2 - b? # 0, then

s fx]? s f s fx] (1+s f
J ec[e+fx] ix _J ecfe+ fx] le+J ec[e+fx] (1+Sec[e+fx]) ix
'\/a+bSec[e+fx] \/a+bSec[e+fx] \/a+bSec[e+fx]

Program code:

Int[csc[e_.+f_.#x_]"2/Sqrt[a_+b_.xcsc[e_.+f_.*x_]],x_Symbol] :=
-Int[Csc[e+fxx]/Sqrt[a+bxCsc[e+fxx]],x] +
Int[Csc[e+fxx]* (1+Csc[e+fxx])/Sqrt[a+bsCsc[e+fxx]],x] /;
FreeQ[{a,b,e,f},x] & NeQ[a*2-b"2,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

4: Sec[e+-Fx]2 (a+bSec[e+-Fx])'"dlx when a2 - b% #0

Derivation: Algebraic expansion

+=2z(a+bz)

1
b
Rule: If a2 - b? # 0, then

jSec[e+fx]2 (a+bsec[e+fx])"ax — —EJSec[erFx] (a+bSec[e+-Fx])'"d1x+%jSec[e+fX] (a+bsec[e+fx])™ dx

Program code:

Int[csc[e_.+f_.xx_]"2#(a_+b_.*xcsc[e_.+f_.*x_])"m_,x_Symbol] :=
-a/bxInt[Csc[e+fxx]|* (a+bxCsc[e+fxx]) m,x]| + 1/bxInt[Csc[e+fxx]*(a+bxCsc[e+fxx])"(m+l),x]| /;
FreeQ[{a,b,e,f,m},x] && NeQ[a"2-b"2,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

3. JSec[e+fX]3 (a+bSec[e+-Fx])"'dlx when a2 - b% #0

1: Sec[e+-Fx]3 (a+bSec[e+-Fx])'"d1x when a2-b2#0 A m< -1

Derivation: Nondegenerate secant recurrence 1la with A - c’,B»2cd, C-»d’, n>0,p—>0
Rule: If a2 -b%? +0 A m< -1, then

jSec[e+fx]3 (a+bSec[e+-Fx])'"d1x —

a?Tan[e+fx] (a+bsec[e+fx])™

+

bf (m+1) (a%-b?)
1
b (m+1) (a%-b?)

JSec[erFx] (a+bSec[e+-Fx])"'+1 (ab (m+1) - (a®+b® (m+1)) Sec[e +fx]) dx

Program code:

Int[csc[e_.+f_.%x_]"3%(a_+b_.xcsc[e_.+f_.*x_])~m_,x_Symbol] :=

-a”*2xCot [e+'F*X] * (a+b*Csc [e+-F*x] )" (m+1)/(b*f* (m+1) x (a*2-b”2) ) +

1/ (bx (m+1) * (a*2-b”2) ) xInt [Csc [e+f*x] * (a+b*Csc [e+f*x] )" (m+1) *Simp [a*b* (m+1) - (a”2+b”2x (m+1) ) xCsc [e+'F*x] ,x] ,x] 78
FreeQ[{a,b,e,f},x] && NeQ[a"2-b"2,0] && LtQ[m,-1]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2: Sec[e+-Fx]3 (a+bSec[e+-Fx])'"dlx when a2 -b%?#0 A m¢ -1

Derivation: Nondegenerate secant recurrence 1lb withA - a?, B~2ab, C->b%, m-0, p—> 0
Rule:If a2 -b%? +0 A m<¢ -1, then

JSec[e+fx]3 (a+bSec[e+fx])'"d1x —

Tan[e + f x| (a+bSec[e+1‘:x])m+1

bF e 2) + N (m1+2) jSec[e+fx] (a+bsec[e+fx])" (b (m+1) -asSec[e+fx])dx

Program code:

Int[csc[e_.+f_.xx_]"3+(a_+b_.xcsc[e_.+f_.*x_])~m_,x_Symbol] :=

-Cot [e+f*x] * (a+b*CSC [e+'F*x] )" (m+1)/(b*‘F* (m+2) ) +

1/ (bx (m+2) ) »Int[Csc[e+fxx]|* (a+bxCsc[e+fxx]) "m+ (b* (m+1) -axCsc[e+f*x]),x]| /;
FreeQ[{a,b,e,f,m},x] && NeQ[a"2-b"2,0] && Not[LtQ[m,-1]]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 50

4, J(a+bSec[e+fx])'" (dSec[e+fx])"d1x when a2-b2#0 A m>2

1: J(a+b$ec[e+fx])'" (dSec[e+-Fx])"d1x when a2-b2#0 Am>2 A n<-1

Derivation: Nondegenerate secant recurrence lawithA - c?, B»2cd, C>d?, n-n-2, p-> 9

Rule:If a2-b2+0 A m>2 A n< -1,then

J-(a+bSec[e+-Fx])'" (dsec[e+fx])"dx —

a’Tan[e + f x| (a+bSec[e+1=x])""2 (dsec[e+fx])"
fn

di (a+bSec[e+1=x])'"'3 (dSec[e+-Fx])"+1 (a?b(m-2n-2) -a (3b’n+a’* (n+1)) Sec[e+fx]-b (b>n+a* (m+n-1)) Sec[e+-Fx]2) dx
n

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=
a"z*Cot[e+-F*x]*(a+b*Csc[e+f*x])"(m—2)*(d*Csc[e+-F*x])"n/(-F*n) =
1/ (dxn) *Int [ (a+b*Csc [e+'F*x] )" (m-3) % (d*Csc [e+f*x] )" (n+1) »
Simp [a”2#b* (M-2xn-2) -ax (3xb 2xn+a”2 (n+1) ) xCsc[e+Ffxx]-bx (b"2#n+a"2x (m+n-1) ) xCsc [e+F*x]|2,x],x] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0] && GtQ[m,2] && (IntegerQ[m] & LtQ[n,-1] || IntegersQ[m+1/2,2xn] && LeQ[n,-1])

2: J.(a+bSec[e+-Fx])rn (dSec[e+-Fx])"dlx when a2-b2#0 Am>2 A n¢-1

Derivation: Nondegenerate secant recurrence lbwithA - a2, B»2ab, C->b%, m->m-2, p-> 0

Rule:If a2 -b%?+0@ Am>2 A n<¢ -1,then

J\(a+b5ec[e+fx])m (dsec[e+fx])"dx —

b?Tan[e + f x| (a+bSec[e+1‘:x])m‘2 (dsec[e+fx])"

+

f(m+n-1)

! J\(a+b5ec[e+-Fx])'"'3 (dsec[e+fx])"-

m+n-1



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(> m+n-1) +ab’n+b (b> m+n-2) +3a*> (m+n-1)) Sec[e+Ffx] +ab® (3m+2n-4) Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])~m_x(d_.+csc[e_.+f_.xx_])~n_,x_Symbol] :=
-b"2xCot [e+fxx]# (a+bxCsc[e+Ffxx] )~ (m-2)  (dxCsc[e+Ffxx]) n/(fx (men-1)) +
1/ (d* (m+n-1)) xInt [ (a+b*Csc [e+'F*x] )" (m-3) % (d*Csc [e+'F*x] )"n*
Simp [a"3*d* (m+n-1) +a*b”2xd*n+b* (b*2xd* (m+n-2) +3xa”2xd* (m+n-1) ) *Csc [e+f*x] +a*b”2xd* (3*¥m+2xn-4) xCsc [e+f*x] "2,x] ,X] /5
FreeQ[{a,b,d,e,f,n},x] && NeQ[a~2-b"2,0] && GtQ[m,2] & (IntegerQ[m] || IntegersQ[2+m,2xn]) & Not[IGtQ[n,2] && Not[IntegerQ[m]]]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 52

5. J(a+bSec[e+fx])'" (dSec[e+fx])"d1x when a2-b2#0 A m< -1
1. J‘(a+b5ec[e+-Fx])'n (dSec[e+-Fx])"d1x when a2-b2#0 Am<-1An>0

1: J-(a+b5ec[e+-Fx])m (dsec[e+fx])"dx when a®>-b?#8 Am<-1 A@<n<1

Derivation: Nondegenerate secant recurrence lawithA -1, B—-0, C->0, p-> 0
Derivation: Nondegenerate secant recurrence 1cwithA—-c, B»d, C-0, n>n-1, p—> 90

Rule:If a2-b>+0 Am< -1 A @<n<1,then

J-(a+bSec[e+-Fx])'" (dsec[e+fx])"dx —

bdTan[e+fx] (a+bSec[e+fx])™ (dsec[e+fx])""

+

f(m+1) (a®-b?)

—J(a+b5ec[e+1=x])m+1 (dSec[e+-Fx])"’1 (bd (n-1) +ad (m+1) Sec[e+fx] -bd (m+n+1) Sec[e+-Fx]2) dx
(m+1) (a%-b?)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
-bxdxCot [e+-F*x] * (a+b*Csc [e+'F*X] ) A(m+1) * (d*Csc [e+f*x] )" (n—l)/(f* (m+1) » (a~2-b"2) ) +
1/ ((m+1) x (a*2-b”2) ) xInt [ (a+b*Csc [e+f*x] )" (m+1) % (d*Csc [e+f*x] ) A(n-1) »
Simp [bxdx (n-1) +axdx (m+1) xCsc[e+Ffxx]-bxdx (m+n+1) xCsc[e+Fxx]~2,x],x] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0] && LtQ[m,-1] & LtQ[@,n,1] & IntegersQ[2xm,2n]

2: J-(a+b5ec[e+fx])m(dSec[e+-Fx])"dlx when a2-b2#0 Am<-1A1l<n<2

Derivation: Nondegenerate secant recurrence lawithA~>c, B—-d, C-0, n->n-1, p-> 0

Rule:If a2 -b2+0@ Am< -1 A 1<n<2,then



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 53

J(a+b5ec[e+fx])"' (dsec[e+fx])"dx —

ad’Tan[e+fx] (a+bSec[e+fx])™" (dsec[e+fx])"?

f (m+1) (a*-b?)
d2

ﬁ‘r(a+b5ec[e+fx])m+1 (dSec[e+-Fx])"'2 (a(n-2) +b (m+1) Sec[e+fx]-a(m+n) Sec[e+fx]2) dx
(m+1) (a“-b

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

axd*2xCot [e+fxx]+ (a+bxCsc[e+fxx]) (m+1) * (dxCsc[e+fxx]) (n-2) /(fx (m+1) # (a%2-b"2)) -

d”2/ ((m+1) % (a*2-b”2) ) xInt [ (a+b*Csc [e+'F*x] ) A(m+l) = (d*Csc [e+‘F*x] )" (n-2) % (a* (n-2) +bx (m+1) *Csc [e+f*x] -a* (m+n) xCsc [e+f*x] "2) ,x] /3
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] && LtQ[m,-1] & LtQ[1,n,2] && IntegersQ[2xm,2xn]

3: J(a+b$ec[e+1‘x])m (dSec[e+fx])"d1x when a2-b2#0 Am<-1 A n>3

Derivation: Nondegenerate secant recurrence lawithA - c?, B-2cd, C>d?, n-n-2, p-> 9
Rule:If a2-b2+0 A m< -1 A n> 3,then

J.(a+b5ec[e+-Fx])"l (dsec[e+fx])"dx —

a’d®Tan|[e + f x| (a+bSec[e+-Fx])'"+1 (de.=_c[t:=_+-Fx])"'3

+

bf (m+1) (a%-b?)
d3
b (m+1) (a%-b?)

j(a+b5ec[e+fx])'"+1 (dSec[e+-Fx])”'3 (3> (n-3) +ab (m+1) Sec[e+fx]| - (a® (n-2) +b* (m+1)) Sec[e+-Fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])"n_,x_Symbol] :=
-a”2xd”*3xCot [e+-F*x] * (a+b*CSC [e+-F*x] )" (m+1) (d*CSC [e+-F*x] )" (n—3)/(b*-F* (m+1) » (a”2-b"2) ) +
d”*3/ (b* (m+1) * (a”*2-b”2) ) xInt [ (a+b*Csc [e+f*x] )" (m+1) % (d*Csc [e+f*x] ) A(n-3)
Simp [a”2# (n-3) +axbx (M+1) xCsc [e+FxX] - (a%2x (n-2) +b"2x (m+1) ) xCsc [e+Fxx]|~2,x],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && LtQ[m,-1] & (IGtQ[n,3] || IntegersQ[n+1/2,2+m] & GtQ[n,2])



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2. J.(a+bSec[e+-Fx])rn (dSec[e+-Fx])"dlx when a2-b2#0A m<-1 An$0

1: J(a+b$ec[e+fx])'“ (dSec[e+fx])"d1x when a2 -b2#0 A m+%eZ‘A nez-

Derivation: Nondegenerate secant recurrence 1cwithA—-1, B-0, C->0, p—> 0

Rule:lfaz—bzq&O/\m+%eZ’/\neZ’,then

J-(a+bSec[e+-Fx])'" (dsec[e+fx])"dx —

_Tan[e+fx] (a+bsec[e+fx])™* (dsec[e+fx])" )

afn

p J(a+b5ec[e+fx])m (dSec[e+-Fx])n+1 (b(m+n+1) -a(n+1) Sec[e+fx] -b (m+n+2) Sec[e+-Fx]2) dx
adn

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=
Cot[e+-F*x]*(a+b*Csc[e+-F*x])"(m+1)*(d*Csc[e+-F*x])"n/(a*f*n) =
1/ (axdxn) xInt [ (a+b*Csc [e+f*x] ) Amx (d*Csc [e+f*x] )" (n+1) %
Simp [bx (m+n+1) -ax (n+1) xCsc[e+Ffxx]-bx (m+n+2) xCsc [e+Fxx]|~2,x],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && ILtQ[m+1/2,0] & ILtQ[n,O]

2: j(a+b$ec[e+fx])"' (dSec[e+-Fx])"dlx when a2-b2#0A m<-1 An30

Derivation: Nondegenerate secant recurrence 1cwithA-1, B-0, C>0, p—> 90

Rule:lIf a2-b%>+0 A m< -1 A n 3 0,then

J‘(a+b5ec[e+1=x])m (dsec[e+fx])"dx —

bZTan[e+-Fx] (a+b5ec[e+1=x])'"+1 (dSec[e+-Fx])"

+

af (m+1) (a%-b?)



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

1

ame1) (a2-b2) J(a+b5ec[e+fx])m+1 (dsec[e+x])"-

(@*> (m+1) -b?> (m+n+1) —ab (m+1) Sec[e +fx] +b> (m+n+2) Sec[e+-Fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_#(d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
b~2xCot [e+f*x] * (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+'F*x] ) "n/(a*-F* (m+1) x (a”~2-b"2) ) +
1/ (a* (m+1) x (a*2-b”2) ) xInt [ (a+b*CSC [e+f*x] ) A(m+l) * (d*CSC [e+f*x] )"n*
(a"Z* (m+1) -b”2% (m+n+1) -axbx (m+1) xCsc [e+'F*X] +b"2% (m+n+2) xCsc [e+'F*X] "2) ,X] /3
FreeQ[{a,b,d,e,f,n},x] && NeQ[a"2-b"2,0] && LtQ[m,-1] & IntegersQ[2m,2xn]

dx when a2 -b% #0

6 J-(dSec[e+fx])"

a+bSec[e+-Fx]

dx when a2-b2#0 A n>0

. J\(dSec[e+-Fx])"

a+bsec[e+fx]

dx when a2-b%?#0

.. J'\[dSec[erFx]

a+bSec[e+-Fx]

Derivation: Piecewise constant extraction

Basis:@x<\/dCos[e+fx] \/dSec[e+fx] ) =

Rule: If a2 - b? # 0, then

J\\/dSec [e+fx] \/dCos[e+-Fx] \/dSec[e+-Fx] \/dCos[e+-Fx]

a+bSec[e+fx] d b+aCos[e+fx]

Program code:

Int[Sqrt[d_.xcsc[e_.+f_.+x_]]/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=
Sqrt[d«Sin[e+fxx] ] +Sqrt[d«Csc[e+f+x]]/d+Int[Sqrt[d«Sin[e+f+x]]/(b+axSin[e+fxx]),x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a~2-b"2,0]

dx
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2 -b% #0

. J« dSec[e+-Fx])3/2

a+bSec e+fx]

Derivation: Piecewise constant extraction

Basis: Oy (\/dCos[e+fx] \/dSec[e + f Xx] ) -

Rule: If a2 - b% # 0, then

J(dseC[e+fX])3/zd1x — d+/dcos[e+fx] \dsec[e+fx] J

a+bSec[e+fx]

1
*\/dCos[e+fx] (b+acos[e+fx])

Program code:

Int[(d_.#csc[e_.+f_.xx_])~(3/2)/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=
d«Sqrt[d«Sin[e+fxx] ] «Sqrt[d«Csc[e+f+x] | +Int[1/(Sqrt[d+Sin[e+fsx]] (b+axSin[e+f+x])),x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]

dx

56



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2 -b% #0

N J~(d5ec[e+-Fx])5/2

a+bSec[e+fx]

Derivation: Algebraic expansion

tce dz __d ad
Basis: atbz b b (a+b z)

Rule: If a2 - b% # 0, then

ds £x])*? ds £x])*?
J( ecle+fx]) dx — gJ‘(dSec[e+1‘=x])3/2dlx—ﬂj( ecfe+ fx]) dx
a+bSec[e+fx] b b a+bSec[e+-Fx]

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~(5/2)/(a_+b_.xcsc[e_.+f_.*x_]),x_Symbol] :=
d/b+Int[(d«Csc[e+fxx])~(3/2),x] - a*d/b*Int[(d*Csc[e+-F*x])"(3/2)/(a+b*Csc[e+-F*x]),x] /3
FreeQ[{a,b,d,e,f},x]| & NeQ[a"2-b"2,0]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

dx when a2-b2#0 A n>3

_ (dsec[e+fx])"
& Ja+bSec[e+fx]

Derivation: Nondegenerate secant recurrence 1lb withA - a?, B~2ab, C->b%, m-> -3, p-> 0

Rule: If a2 -b%? +0 A n > 3,then

n
dx —
a+bSec[e+fx|

(dsec[e+fx])
e vseter e

d®Tan[e + f x| (dSec[e+1=x])"’3 d3 J-(dSec[e+-Fx])"'3 (a(n-3) +b(n-3)Sec[e+fx]-a(n-2) Sec[e+fx]2)
+ dx

bf (n-2) b (n-2) a+bSec[e+fx]

Program code:

Int[(d_.xcsc[e_.+f_.+x_])~n_/(a_+b_.+csc[e_.+f_.xx_]),x_Symbol] :=

-d*3xCot [e+‘F*x] * (d*Csc [e+'F*x] ) A (n—3)/(b*f* (n-2) ) +

d~3/ (bx (n-2)) +Int [ (d«Csc[e+fxx])~ (n-3) «Simp[a* (n-3) +bx (n-3) xCsc[e+Fxx] -ax (n-2) xCsc[e+Ff+x]"2,x] /(a+bsCsc[e+Ff+x]),x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && GtQ[n,3]

dx when a2-b2#0 A n<©

N J(dSec[erFx])"

a+bSec[e+-Fx]

1

1:
J\/dSec[e+fx] (a+bsec[e+fx])

dx when a2 -b% #0

Derivation: Algebraic expansion

1 _ b%2(dz)3? a-bz

Jdz (a+bz)  a*d? (a+bz) " a?+/dz
Rule: If a2 - b% # 9, then

Basis:
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

ds £x])3? -bs f
(dsec[e+fx]) ix 1 a ecfe+ x]dl

1 b2
dx — — zj el B—
\/dSec[e+fx] a‘d a+bSec[e+-Fx] a '\/dSec[e+fx]

(a+bsec[e+fx])

Program code:

Int[1/(Sqrt[d_.xcsc[e_.+f_.»x_]](a_+b_.xcsc[e_.+f_.+x_])),x_Symbol] :=
b”2/ (a”2xd”*2) xInt [ (d*Csc [e+f*x] )" (3/2)/(a+b*Csc [e+'F*x] ) ,x] +
1/a*2+Int[ (a-bxCsc[e+fxx])/Sqrt[d«Csc[e+f+x]],x] /;

FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]

(dSec[e+-Fx])"
2: J—dlx when a2 -b2#0 A n<-1
a+bSec[e+-Fx]

Derivation: Nondegenerate secant recurrence 1cwithA-1, B-90, C>0, p—> 0

Rule:If a2 -b%? + @ A n < -1, then
J-(dSec[e+fx])"d1X B

a+bSec[e+fx|

(dSec[e+fx])n+1 (bn-a(n+1)Sec[e+fx] -b (n+1) Sec[e+fx]2)
dx

_Tan[e+fx] (dSec[e+-Fx])"_ 1 J~

afn adn a+bSec[e+-Fx]

Program code:

Int[(d_.xcsc[e_.+f_.«x_])~n_/(a_+b_.xcsc[e_.+f_.xx_]),x_Symbol] :=
Cot [e+f*x] * (d*CSC [e+'F*x] )"n/(a*f*n) -
1/ (axdxn) «Int[ (dxCsc[e+fxx])~(n+1) /(a+bxCsc[e+fxx])
Simp [bxn-ax (n+1) xCsc[e+fxx]-bx (n+1) xCsc[e+fxx]2,x],x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] && LeQ[n,-1] & IntegerQ[2#n]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

7. J\/a+bSec[e+fx] (dSec[e+-Fx])"d1x when a2 - b% # 0

1. J\/a+b$ec[e+fx] (dSec[e+fx])"d1x when a2 -b%2#0 A n>0

1: J-\/a+bSec[e+-Fx] \/dSec[e+fx] dx when a2-b%#0

Derivation: Algebraic expansion
Te. __ a bz
Basis:vVa+bz = N N

Rule: If a2 - b% # 0, then

\/dSec[ewa]

b (dSec[e+-Fx])3/2
.-

J\'\/a+b5ec[e+fx] '\/dSec[e+-Fx] dx — a
'\/a+b5ec[e+fx]

Program code:

Int[sqrt[a_+b_.xcsc[e_.+f_.#x_]]*Sqrt[d_.xcsc[e_.+f_.«x_]],x_Symbol] :=
axInt[Sqrt[d+Csc[e+fsx]]/Sqrt[a+bsCsc[e+fxx]],x] +
b/dxInt[(d«Csc[e+fxx])" (3/2) /sqrt [a+bxCsc[e+fxx]],x] /;

FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0]

2: J\/a+b$ec[e+fx] (dSec[e+fx])"d1x when a2-b%2#0 A n>1

Derivation: Secant recurrence 1lb withA -9, B-90, C->1, m->m-2, n-

Derivation: Secant recurrence 3awithA -9, B-a, C-b, m->m-1, n—>

Rule:If a2 -b%? +0 A n > 1,then

dx

d \/a+bSec[e+-Fx]

N =

N =
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

JJa+bSec[e+fx] (dsec[e+fx])"dx —

2dSin[e+-Fx] \/a+bSec[e+-Fx] (dSec[e+-Fx])"'1

+

f(2n-1)
d? J’(dSec[erFx])"'2 (2a(n-2) +b (2n-3) Sec[e+fx] +aSec[e+-Fx]2)
dx
Zn-1 \/a+b5ec[e+fx]

Program code:

Int[sqrt[a_+b_.xcsc[e_.+f_.#x_]]»(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

-2+dxCos [e+fxx] xSqrt[a+bsCsc[e+fxx] ]+ (dxCsc[e+fxx])~(n-1) /(fx (24n-1)) +

d~2/ (2#n-1) *Int[ (d*Csc[e+Ffxx]) " (n-2) xSimp[2xax (n-2) +bx (2xn-3) xCsc [e+fxx] +a*Csc [e+f*x]"2,x]/5qr‘t [a+bxCsc[e+fxx]],x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a~2-b"2,0] & GtQ[n,1] && IntegerQ[2xn]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2. J\/a+b5ec[e+fx] (dSec[e+-Fx])"d1x when a2-b2#0 A n<©

dx when a2-b2#0

. J\/a+b5ec[e+fx]
\/dSec[e+fx]

Derivation: Piecewise constant extraction

Basis: If & a+b f [x] -0
X Jdf[x] Vbra/fx]

Rule: If a2 - b% # 0, then

bs f bsS f
\/a+ ec[e+ X] dx — \/a+ ec[e+ x] J\/b+aCos[e+fx] dx
\/dSec[e+fx] \/dSec[e+fx] \/b+aCos[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]/Sart[d_.+csc[e_.+f_.xx_]],x_Symbol] :=
Sqrt[a+bxCsc[e+fxx]]/(Sart[d«Csc[e+fxx]]+Sqrt[b+axSin[e+f+x]])+Int[Sqrt[b+axSin[e+fxx]],x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a~2-b"2,0]

2: J\/a+b5ec[e+fx] (dSec[e+fx])"d1x when a2-b2#0 A n<-1

Derivation: Nondegenerate secant recurrence 1la withA -1, B—-0, C->0, p—> 0
Derivation: Nondegenerate secant recurrence 1cwithA-c, B-d, C-0, n>n-1, p-> 0

Rule:If a2 - b%? + @ A n < -1, then

JA\/a+bSec[e+fx] (dsec[e+fx])"dx —
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

_Tan[e+fx] \/a+bSec[e+fx] (dsec[e+fx])" i

fn
1 J(dSec[e+fX])"+1 (b-2a (n+1)Sec[e+fx]-b(2n+3) Sec[e+fx]2)
dx
2dn \/a+bSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#x_]]»(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=

Cot[e+fxx]+Sqrt[a+bxCsc[e+fsx] ] (dxCsc[e+Ffxx]) n/(fxn) -

1/ (2#dxn) +Int[ (dxCsc[e+fxx])~ (n+1) xSimp[b-2xax (n+1) xCsc[e+FfxXx]|-bx (2xn+3) xCsc[e+FxX] Az,x]/Sqr't [a+bxCsc[e+fxx]],x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] && LeQ[n,-1] & IntegerQ[2#n]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(dSec[e+fx])"
dx when a2 -b%2#0

'\/a+bSec[e+-Fx]

(dsec[e+fx])"

dx when a2-b%2#0 A n>0

\/a+bSec[e+fx]

\/ dsec[e + fx]

\/a+bSec[e+-Fx]

dx when a?-b%?#0

Derivation: Piecewise constant extraction

Basis: If 5, YIflx] Jbrafix]* g
B Va+b fx]

Rule: If a2 - b% # 9, then

\/ dsec[e+fx]

\/a+bSec[e+fx]

Program code:

\/dSec[e+-Fx] \/b+aCos[e+fx]
X —

\/a+bSec[e+fx]

Int[Sqrt[d_.xcsc[e_.+f_.+x_]]/sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
Sqrt[d«Csc[e+fxx] | +Sqrt [b+asSin[e+f+x]]/Sqrt[a+bsCsc[e+fxx]]+Int[1/Sqrt[b+rasSin[e+f+x]],x] /;

FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0]

j b+aCOS|e+IX
\/

X
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(dSec[e+fx])"
dx when a?-b2#0 An>1

\/a+bSec[e+fx]

(dSec[e+1=x])3/2

dx when a2 -b%2#0

\/a+bSec[e+fx]

Derivation: Piecewise constant extraction

Basis: If & Vdfix] +/bra/F[x] __ 0
X \a+b fx]

Rule: If a2 - b% # 0, then

ds £x])3*? d+/ds f b+aC f
( ec[e+ x]) dx \/ ec[e+ x] \/ +a os[e+ x] 1 x

\/a+bSec[e+-Fx] '\/a+bSec[e+-Fx] Cos[e+-Fx]'\/b+aCos[e+-Fx]

Program code:

Int[(d_.#csc[e_.+f_.xx_])~(3/2)/Sqrt[a_+b_.xcsc[e_.+f_.*x_]],x_Symbol] :=
dxSqrt[d«Csc[e+fxx] ] +Sqrt[b+asSin[e+f+x]]/Sqrt[a+bsCsc[e+fsx]]+Int[1/(Sin[e+fxx]+Sqrt[b+rasSin[e+f+x]]),x] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0]

(dSec[e+fx])"
dx when a2-b2#0 A n>2

\/a+bSec[e+-Fx]

Derivation: Secant recurrence 3awithA -9, B-0, C-1, m->m-2, n - -

N =

Rule: If a2 -b%? +£0 A n > 2,then

(dsec[e+fx])"

dx —

\/a+bSec[e+-Fx]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

2d?sinfe+fx] (dsec[e+Fx])" 2~ a+bsec[e+Fx]
bf (2n-3) ’

(dSec[e+-Fx])"'3 (2a(n-3) +b (2n-5) Sec[e+fx] -2a (n-2) Sec[e+-Fx]2) dx

d3 J 1
b(zn-3) \/a+bSec[e+-Fx]

Program code:

Int[(d_.xcsc[e_.+f_.xx_])~n_/Sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
-2xd”2xCos [e+-F*x] * (d*CSC [e+f*x] )" (n-2) xSqrt [a+b*CSC [e+f*x] ]/(b*f* (2%xn-3) ) +
d*3/ (bx (2#n-3) ) +Int [ (d«Csc[e+fxx])~(n-3) /Sqrt[a+bsCsc[e+fxx] ]+

Simp[2xax (n-3) +bx (2xn-5) xCsc[e+fxx]-2xax (n-2) xCsc[e+Fxx]*2,x],x] /;

FreeQ[{a,b,d,e,f},x]| & NeQ[a"2-b"2,0] & GtQ[n,2] && IntegerQ[2xn]

(dSec[e+fx])"
dx when a2 -b?2#0 A n<@

\/a+bSec[e+fx]

1
1: J\ dx when a2 -b%2#0
Sec[e+-Fx] \/a+bSec[e+fx]

Derivation: Nondegenerate secant recurrence 1cwithA-1, B-0, C->0, p—> 0

Rule: If a2 - b% + 0, then
J\ 1 Sin[e+fx]\/a+b5ec[e+fx] b 1+Sec[e+1:x]2

dx
Sec[e+fx]\/a+b5ec[e+fx] af 2a \/a+bSec[e+fx]

dx

Program code:

Int[1/(csc[e_.+f_.xx_]+Sqrt[a_+b_.xcsc[e_.+f_.*x_]]),x_Symbol] :=
-Cos[e+fxx] +Sqrt[a+bsCsc[e+fxx]]/(axf) - b/ (2+a)+Int[(1+Csc[e+fxx]*2)/Sqrt[a+bsCsc[e+fsx]],x] /;
FreeQ[{a,b,e,f},x] & NeQ[a"2-b"2,0]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

1

2: J dx when a2 -b%2#0
\/a+bSec[e+fx] '\/dSec[e+-Fx]

Derivation: Algebraic expansion

a+bz b~z

1 -
\/?\/a+bz o a\/? ava+bz
Rule: If a? - b% + 0, then

Basis:

J 1 1\J"\/a+b5ec[e+fx]
dx — —
\/a+bSec[e+-Fx] \/dSec[e+-Fx] a '\/dSec[e+-Fx]

Program code:

Int[1/(Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*Sqrt[d_.xcsc[e_.+f_.*x_]]),x_Symbol] :=
1/a=Int[Sqrt[a+bsCsc[e+fxx]]/Sqrt[d«Csc[e+fxx]],x] -
b/ (axd) *Int[Sqrt[d«Csc[e+fxx]]/Sart[a+bxCsc[e+f+x]],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]

dx -

b '\[dSec[e+-Fx]

ad \/a+bSec[e+-Fx]

dx
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(dSec[e+fx])"
dx when a2 -b2#0 A n<-1

\/a+bSec[e+fx]

Derivation: Secant recurrence 3b withA -1, B—- 90, C -0, n—> - %

Rule: If a2 -b%? +0 A n< -1, then

(dsec[e+fx])"

dx —

\/a+bSec[e+fx]

Sin[e + f x| (dSec[e+-Fx])"+l\/a+bSec[e+-Fx]
B adfn "

(dSec[e+-Fx])"+1 (-b(2n+1) +2a (n+1) Sec[e+fx] +b (2n+3) Sec[e+-Fx]2) dx

1 ~J~ 1
zadn \/a+bSec[e+fx]

Program code:
Int[(d_.«csc[e_.+f_.xx_])~n_/Sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
Cos [e+fxx]« (dxCsc[e+fxx] )~ (n+1) +Sqrt [a+bsCsc[e+fxx]]/(asdsfxn) +
1/ (2xaxd#n) +Int[ (d«Csc[e+fxx])" (n+1) /Sqrt [a+bxCsc[e+fxx]]*

Simp [—b* (2%n+1) +2%xax (n+1) xCsc [e+'F*x] +b* (2xn+3) xCsc [e+'F*x] "Z,X] ,x] /38
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && LtQ[n,-1] & IntegerQ[2#n]

9: J~(a+bSec[e+-Fx])3/2 (dSec[e+-Fx])"dlx when a2 -b2#0 A n<-1

Derivation: Nondegenerate secant recurrence 1la withA~>c, B—-d, C-0, n>n-1, p-> 0

Rule:If a2 -b%? +0 A n < -1,then

J\(a+b5ec[e+1=x])3/2 (dsec[e+fx])"dx —
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m 69

aTan[e+fx]\/a+bSec[e+fx] (dsec[e+fx])"
- +
fn

(dSec[e+-Fx])ml (ab(2n-1) +2 (b>n+a’ (n+1)) Sec[e+fx] +ab (2n+3) Sec[e+-Fx]2) dx

1 ~J“ 1
2dn \/a+b5ec[e+fx]

Program code:

Int[(a_+b_.xcsc[e_.+f_.*x_])~(3/2) % (d_.*csc[e_.+f_.»x_])~n_,x_Symbol] :=
axCot [e+f*x] *Sqrt [a+b*Csc [e+f*x] ] * (d*Csc [e+'F*x] )"n/ ('F*n) +
1/ (2+dxn) +Int[ (d«Csc[e+fxx])" (n+1) /sqrt [a+bxCsc[e+fxx]]*
Simp [a*b* (2xn-1) +2% (b~2xn+a”2x (n+1) ) xCsc [e+‘F*x] +axbx (2xn+3) *Csc [e+f*x] "Z,x] ,X] /3
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && LeQ[n,-1] && IntegersQ[2xn]

10: j(a+b$ec[e+fx])'" (dSec[e+-Fx])"d1x when a2-b%2#0 A n>3

Derivation: Nondegenerate secant recurrence lb withA - a2, B>2ab, C->b?, m>m-2, p—> 0

Rule: If a2 - b%? +0 A n > 3,then

J(a+b5ec[e+fx])m (dsec[e+fx])"dx —

d3Tan[e+-Fx] (a+bSec[e+-Fx])'"+1 (dSec[e+-Fx])"'3
bf (m+n-1)

+

d3

—J(a+b$ec[e+fx])'" (dSec[e+1:x])"'3 (a(n-3)+b(m+n-2)Sec[e+fx]-a(n-2) Sec[e+fx]2) dx
b (m+n-1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
-d”*3xCot [e+'F*X] * (a+b*CSC [e+'F*X] )" (m+1) % (d*CSC [e+'F*X] )" (n—3)/(b*f* (m+n-1) ) +
d”*3/ (b* (m+n-1) ) xInt [ (a+b*Csc [e+f*x] ) m* (d*Csc [e+f*x] )" (n-3) %
Simp [a* (n-3) +bx (m+n-2) xCsc[e+Ffxx]|-a* (n-2) #Csc [e+f*x]"2,x],x] /;
FreeQ[{a,b,d,e,f,m},x] && NeQ[a"2-b"2,0] && GtQ[n,3] & (IntegerQ[n] || IntegersQ[2«m,2«n]) && Not[IGtQ[m,2]]



Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

11: J(a+bSec[e+fX])"‘(dSec[e+fx])"d1x when a2-b2#0 A O@<m<2 AO<n<3 Am+n-1#0

Derivation: Nondegenerate secant recurrence lbwithA-ac, B-bc+ad, C-obd, m>m-1, n>n-1, p—> 90

Rule:lf a2 -b?+0@ A 0@ <m<2 AB@<n<3 Am+n-1%0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])"dx —

bdTan[e+fx] (a+bSec[e+fx])"™" (dsec[e+fx])""

+

f(m+n-1)
d

J\(a+b5ec[e+-Fx])""2 (dSec[e+1=x])”'1 (ab(n-1) + (b* (m+n-2) +a*> (m+n-1)) Sec[e+fx] +ab (2m+n-2) Sec[e+fx]2) dx
m+n-1

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])"m_x(d_.*csc[e_.+f_.xx_])~n_,x_Symbol] :=
-bxdxCot[e+Ffxx] x (a+bxCsc[e+fsx]) " (m-1) » (dxCsc[e+Ffxx] )~ (n-1) / (f* (men-1)) +
d/ (msn-1) +Int [ (a+bxCsc[e+fxx] )" (m-2) # (d+Csc[e+fxx]) " (n-1) »
Simp [axbx (n-1) + (b"2% (M+n-2) +a2x (M+n-1) ) xCsc [@+FxX| +axb* (2+m+n-2) xCsc [e+Fxx]|~2,x],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0] && LtQ[O,m,2] && LtQ[O,n,3] && NeQ[m+n-1,0] && (IntegerQ[m] || IntegersQ[2+m,2xn])
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

12: J(a+bSec[e+fX])"‘(dSec[e+fx])"d1x when a2-b2#0 A -1<m<2 A1l<n<3 Am+n-1#0

Derivation: Nondegenerate secant recurrence lbwithA-ac, B-bc+ad, C-obd, m>m-1, n>n-1, p—> 90

Rule:lf a2 -b?+0 A -1<m<2 Al<n<3 Am+n-1%0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])"dx —

d>Tan[e+fx] (a+bSec[e+fx])" (dsec[e+fx])"?

+

f(m+n-1)
dZ

b—j(a+b5ec[e+fx])""1 (dSec[e+-Fx])"’2 (ab (n-2) +b? (m+n-2) Sec[e+fx] +abmSec[e+-Fx]2) dx
(m+n-1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.+csc[e_.+f_.xx_])"n_,x_Symbol] :=
-d*2xCot [e+'F*x] * (a+b*Csc [e+‘F*x] )"m* (d*CSC [e+f*x] ) 2 (n—2)/(f* (m+n—1)) +
d~2/ (bx (m+n-1) ) »Int [ (a+bxCsc[e+Ffxx])~ (m-1) + (dxCsc[e+fxx]) " (n-2) «
Simp [axbx (n-2) +b"2x (m+n-2) xCsc[e+fxx] +axbxmsCsc[e+Ffxx]~2,x],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a”~2-b”2,0] && LtQ[-1,m,2] && LtQ[1,n,3] && NeQ[m+n-1,0] & & (IntegerQ[n] || IntegersQ[2xm,2xn])
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

(a+bsec[e+fx])*?
13: dx when a2 -b%2#0

\ dsec[e+fx]
Derivation: Algebraic expansion

Basis: @bz .. —a_ b . /g4
A\ dz A/ dz d

Rule: If a2 - b% # 0, then

bs f 3/2 bsS f
J(a+ ec[e+fx]) ix s s \/a+ ec[e+fx] dl)(\LEJ‘\/;;J,bSeC[e+

Program code:
Int[(a_+b_.xcsc[e_.+f_.xx_])~(3/2) /sqrt[d_.xcsc[e_.+f_.»x_]],x_Symbol] :=
axInt[Sqrt[a+bxCsc[e+fxx]]/Sqrt[d«Csc[e+fsx]],x] +

b/dxInt[Sqrt[a+bxCsc[e+fxx]]*Sqrt[d+Csc[e+fxx]],x] /;
FreeQ[{a,b,d,e,f},x] && NeQ[a"2-b"2,0]

14: j(dSec[e+fx])" (a+bSec[e+fx])"'d1x when a2-b2#0 A mez

Derivation: Piecewise constant extraction and algebraic simplification
Basis: Ox (Cos[e+ fx]" (dSec[e+fx])") =0
Rule:If a2 -b% £ 0 A m e Z,then

j(dSec[e+fx])" (a+bsec[e+fx])"dx — Cos[e+fx]" (dSec[e+-Fx])"j

fx] \/dSec[e+fx] dx

(a+bsecfe+fx])"

dx
Cos[e + -Fx]"
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

. (b+aCos[e+-Fx])rn
—>Cos[e+-Fx] (dSec[e+-Fx])"J dx
Cos[e+-Fx]m+n

Program code:

Int[(d_.xcsc[e_.+f_.*x_])~n_.*(a_+b_.xcsc[e_.+f_.*x_])"m_.,x_Symbol] :=
Sin[e+fxx]"n« (d+Csc[e+fxx]) n+Int[ (b+axSin[e+f+x]) m/Sin[e+fxx]~ (m+n),x] /;
FreeQ[{a,b,d,e,f,n},x] && NeQ[a~2-b"2,0] && IntegerQ[m]

u: f(a+b5ec[e+fx])'" (dsec[e+fx])"dx

Rule:

j(a+b5ec[e+fx])m (dsec[e+fx])"dx — f(a+b5ec[e+fx])m (dsec[e+fx])"dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_.#(d_.xcsc[e_.+f_.*x_])~n_.,x_Symbol] :=
Unintegrable[ (a+bxCsc[e+fxx])"mx (dxCsc[e+fxx])~n,x] /;
FreeQ[{a,b,d,e,f,m,n},x]
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Rules for integrands of the form (d sec(e+f x))~n (a+b sec(e+f x))"m

Rules for integrands of the form (dCos[e + fx])" (a + bSec[e + fx])P

1: J-(dCos[ewa])"' (a+bsec[e+fx])Pdx whenm¢z A pe¢z

Derivation: Piecewise constant extraction

Basis: Ox ( (d Cos[e+ fx])™ (seclerxl))

Rule:lf m¢ Z A p ¢ Z,then

. cracpart rm [ S€C[€ + £X] FracPart [m] Sec[e + fx]
J(dCos[e+fX]) (a+bSec[e+-Fx])pd1x — (dCos[e+-Fx]) tn] f 7

]_m (a+bsec[e+Fx])? ax

Program code:

Int[(d_.xcos[e_.+f_.»x_])~m_x(a_.+b_.xsec[e_.+f_.#x_])"p_,x_Symbol] :=
(d#Cos[e+fxx] ) ~FracPart [m] » (Sec [e+f*x]/d) AFracPart[m] «Int[ (Sec [e+-F*x]/d) A (-m) » (a+bxSec[e+fxx])"p,x] /;
FreeQ[{a,b,d,e,f,m,p},x] & Not[IntegerQ[m]] && Not[IntegerQ[p]]
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